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ABELIANIZATION OF FUCHSIAN SYSTEMS ON A
4−PUNCTURED SPHERE AND APPLICATIONS
LYNN HELLER AND SEBASTIAN HELLER
Abstract. In this paper we consider special linear Fuchsian systems
of rank 2 on a 4−punctured sphere and the corresponding parabolic
structures. Through an explicit abelianization procedure we construct a
2−to−1 correspondence between flat line bundle connections on a torus
and these Fuchsian systems. This naturally equips the moduli space
of flat SL(2,C) connections on a 4−punctured sphere with a new set
of Darboux coordinates. Furthermore, we apply our theory to give a
complex analytic proof of Witten’s formula for the symplectic volume of
the moduli space of unitary flat connections on the 4−punctured sphere.
1. Introduction
Moduli spaces M of flat G−connections on a compact Riemann surface
Σ are equipped with interesting geometric structures. Prominent examples
beyond the (abelian) line bundle case are provided by the special unitary
group and the special linear group: For G = SU(n) the moduli space M
inherits a natural Ka¨hler metric and for G = SL(n,C) the moduli space
is even hyper-Ka¨hler (see for example [3, 14]). This correspondence can
be generalized to the case of punctured Riemann surfaces by prescribing
the conjugacy classes of the local monodromies, i.e., for suitable boundary
conditions on the objects of interest [9].
In the general case where neither G nor the fundamental group pi1(Σ) are
abelian, it is hard to find a unified and explicit description of the moduli
space M with all its geometric structures. For example, it is not known
how to explicitly represent unitary connections on a Riemann surface in a
way which makes its Ka¨hler structure visible. Further, it is not possible to
to see all Ka¨hler structures at once in a computable way for G = SL(2,C).
The main reason for this lack of understanding is due to the fact that it
is generally not possible to compute the monodromy representation of an
irreducible connection. Recent progress towards the understanding of the
hyper-Ka¨hler geometry of the moduli space of flat SL(2,C) connections was
made in [11] by an abelianization procedure based on the WKB analysis
along so-called spectral networks. However, this work does not take the
underlying holomorphic structures (respectively parabolic structures in the
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presence of punctures) into full account. But this seems to be necessary for
a complete understanding of these moduli spaces and for some applications
such as the integrable systems approach to harmonic maps (see [13]).
In this paper we carry out an abelianization procedure for flat SL(2,C)
connections on a 4−punctured sphere which does not only make the under-
lying parabolic structures as transparent as possible but also sheds new light
on the Ka¨hler structure of the moduli space of flat SU(2) connections on the
4−punctured sphere. The starting point of our theory is the following well-
known fact which is a special instance of the Riemann Hilbert correspon-
dence (see for example [10] for the general treatment of the rank 2 case on a
n−punctured sphere): All representations pi1(CP1\{z0, .., z3}, ∗)→ SL(2,C)
can be realized as the monodromy representation of a Fuchsian system, i.e.,
of a meromorphic connection ∇ on the trivial rank two bundle C2 → CP1
with first order poles at the singular points z0, .., z3 ∈ CP1.We are interested
in the case where the monodromy representation is unitary up to conjuga-
tion. Since the conjugacy classes of the monodromies around a puncture
(local monodromies) are generally determined by the residues of the con-
nections, we restrict ourselves to the case of trace-free residues with real
eigenvalues ±ρi such that ρi ∈]0, 12 [ (excluding singular cases). The eigen-
lines with respect to the positive eigenvalues ρi of the residues of a Fuchsian
system determine flags of C2 at the singular points together with weight
filtrations induced by the eigenvalues. This gives rise to a parabolic struc-
ture associated to a Fuchsian system. The notion of stability of parabolic
structures can be defined and it turns out that this notion is naturally con-
nected to the question of unitarizable monodromy ([17]): For every stable
parabolic structure there exists a unique compatible Fuchsian system whose
(irreducible) monodromy representation is unitary up to conjugation. In
section 2 we give more details on the relationship between Fuchsian systems
and parabolic structures. In particular, we recall a useful parametrization of
Fuchsian systems from [16] and discuss stability issues of the corresponding
parabolic structures.
In section 3 we shift our attention to the moduli spaces of parabolic struc-
tures and flat connections and study them via abelianization. The space of
special linear Fuchsian systems on a 4−punctured sphere with prescribed
residue eigenvalues ±ρi is a complex two dimensional variety, while the mod-
uli space of (semi-)stable parabolic structures is a projective line equipped
with its natural complex structure [2, 16]. The forgetful map from Fuch-
sian systems to parabolic structures gives rise to an affine line bundle whose
underlying vector bundle consists of parabolic Higgs fields, i.e., meromor-
phic sl(2,C)−valued 1−forms with first order poles fixing a given parabolic
structure when added to a compatible Fuchsian system. Generically, the
eigenlines of parabolic Higgs fields are only well-defined on a torus given by
the double cover of the Riemann sphere branched over the singular points.
The eigenlines determine the parabolic structure and vice versa. This gives
rise to a 2−to−
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moduli space of parabolic structures. This correspondence extends to flat
line bundle connections on the one side and flat SL(2,C) connections on
the other in the following way (Theorem 1): The eigenlines of the para-
bolic Higgs field span the rank 2 bundle away from the branch divisor and
the connection gives rise to meromorphic line bundle connections on the
eigenlines with first order poles (and fixed residues 12 ) at the branch divisor.
Factorizing out the poles, i.e., tensoring with a special flat meromorphic line
bundle of degree 2, yields (ordinary) flat line bundles on the torus. More-
over, the second fundamental forms of the flat SL(2,C) connections with
respect to the line subbundles are uniquely determined by the underlying
holomorphic structure of the line bundle (Proposition 2). By choosing Dar-
boux coordinates on the moduli space of flat line bundles over the torus we
also obtain a new set of Darboux coordinates for the natural holomorphic
symplectic structure on the moduli space of flat SL(2,C) connections on the
4−punctured sphere with prescribed local monodromies, see Theorem 3.
In the last section, section 4, we apply the results and methods from
section 3 to compute the symplectic volume of the moduli space M of spe-
cial unitary connections on the 4-punctured sphere with prescribed local
monodromies. This is a special case of Witten’s formula [25]. We give an
alternative complex analytic proof of this formula: Applying Theorem 3 we
can write down an explicit representative of the cohomology class of the
symplectic form on the Jacobian which double covers M. This 2−form can
be easily integrated over the Jacobian and yields the symplectic volume of
M.
2. Fuchsian Systems
LetM = CP1\{z0, .., z3} be a 4−punctured Riemann sphere. By applying
a Moebius transformation we can always assume that z0 = [1 : 0], z1 = [1 :
1], z2 = [0 : 1], and z3 = [m : 1] for a suitable m ∈ C \ {0, 1}. We consider
Fuchsian systems onM which are systems of differential equations describing
parallel sections of the trivial rank 2 vector bundle V = C2 over M given
by a meromorphic connection of the form
(2.1) ∇ = d+A1 dz
z − 1 +A2
dz
z
+A3
dz
z −m.
Note that∇ also has a first order pole at z =∞ with residue−A1−A1−A3 =
A0.
The Riemann-Hilbert Problem is solved for the SL(2,C) case and gives
a correspondence between SL(2,C) representations of the first fundamental
group pi1(M, ∗) and trace-free Fuchsian systems. Unitarizable representa-
tions are those representations lying in the SL(2,C) conjugacy classes of
SU(2) representations. A natural question is which Fuchsian systems corre-
spond to unitarizable representations. There are necessary conditions (the
Biswas conditions [8]) on the eigenvalues of the Ai for a Fuchsian system
to have unitarizable monodromy, but these conditions are far from being
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sufficient. Nevertheless, it is natural to study Fuchsian systems on the 4-
punctured sphere CP1 \ {z0, .., z3} with prescribed conjugacy classes of the
local monodromies. In view of the Biswas conditions we assume that the
eigenvalues ±ρi of Ai are real and lie the interval ]− 12 , 12 [. In order to exclude
the degenerated cases, we restrict to the case that
−ρi < 0 < ρi
for i = 0, .., 3. Clearly, the local monodromies around the singularity zi lies
in the conjugacy class of(
exp(2piiρi) 0
0 exp(−2piiρi)
)
,
and the choice of the conjugacy class of the local monodromies is equivalent
to the choice of the eigenvalues of the residues Ai.
2.1. Parabolic structures. A Fuchsian system as in (2.1) gives rise to a
parabolic structure as follows (for more details see [17, 8, 2] or [20]): The
underlying holomorphic vector bundle V of a Fuchsian system is the trivial
holomorphic bundle C2 → CP1. The residue Ai of the connection ∇ at the
singularity zi give rise to a complex line
Ei = ker(Ai − ρi Id)
(where ρi > 0 is the positive eigenvalue) together with a filtration
0 ⊂ Ei ⊂ Vzi
of the fiber of V at zi. Then the parabolic structure is given by these filtra-
tions over the singularities together with the corresponding weight filtration
(ρi,−ρi), i.e., the line Ei is equipped with the weight ρi while Vpi \ Ei is
equipped with the weight −ρi. Note that the parabolic degree of V
par-degV = deg V +
∑
i
∑
eigenvalues of Ai =
∑
i
(ρi − ρi) = 0
automatically vanishes in our situation. A holomorphic line subbundle L ⊂
V is equipped with the induced parabolic degree
par-degL = degL+
∑
i
γi,
where (for i = 0, .., 3) γi is defined to be ρi if Lpi = Ei and −ρi otherwise.
The parabolic structure is called stable (respectively semi-stable) if the par-
abolic degree is negative (respectively non-positive) for all holomorphic line
subbundles L: par-degL < 0, (≤ 0). By [17, 4] and because of the Riemann
Hilbert correspondence, every stable parabolic structure admits a Fuchsian
system with unitarizable monodromy representation. Moreover, up to iso-
morphisms respectively conjugations, this correspondence between stable
parabolic structures and irreducible unitary monodromy representations on
a punctured sphere is 1−to−1. Additionally, reducible unitary monodromy
representations give rise to strictly semi-stable parabolic structures.
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In this paper we are interested in the moduli space of Fuchsian systems
on the 4-punctured sphere with prescribed conjugacy classes of the local
monodromies. Parabolic stability is an open condition. Hence, a generic
Fuchsian system with prescribed eigenvalues of the residues induces a stable
parabolic structure if there exists one Fuchsian system with these eigenvalues
whose parabolic structure is stable. In our case a criterion for the stability
follows from [8]: For given ρi, there exists a Fuchsian system inducing a
stable parabolic structure if and only if
(2.2) 1 + ρσ(3) > ρσ(0) + ρσ(1) + ρσ(2) > ρσ(3)
for all permutations σ ∈ S({0, 1, 2, 3}). We will give a short proof of this (in
the 4−puncture case) in section 2.4.
2.2. Parabolic Higgs fields. Consider a Fuchsian system ∇ and its in-
duced parabolic structure as above. If we add to ∇ a meromorphic 1-form
Ψ ∈ H1,0(CP1 \ {z0, .., z3}, sl(2,C))
with first order poles, the induced parabolic structure will change in general.
The condition that ∇+Ψ has the same parabolic structure as ∇ is that the
eigenlines Ei of the positive eigenvalues ρi > 0 are in the kernel of the
residues of Ψ at the singularities zi. If this condition is satisfied, Ψ is called
a parabolic Higgs field.
Then we observe:
Proposition 1. For a generic special linear Fuchsian system on the 4-
punctured sphere, the space of parabolic Higgs fields is complex 1-dimensional.
In general, the determinant of a parabolic Higgs field is a non-zero mero-
morphic quadratic differential with first order poles on CP1, i.e., a constant
multiple of (dz)
2
Π3
i=1(z−zi)
.
2.3. Concrete formulas. Throughout this paper, we make use of the fol-
lowing explicit parametrization of trace-free Fuchsian systems on a 4−punctured
sphere [16]. Let ρi > 0 and let ρ = ρ0−ρ1−ρ2−ρ3. By introducing a complex
parameter u (representing the parabolic structure) we can set
Au1 =
(−ρ1 − ρ 2ρ1 + ρ
−ρ ρ1 + ρ
)
, Au2 =
(−ρ2 0
ρ ρ2
)
,
Au3 =
(−ρ3 2ρ3u
0 ρ3
)
, Au0 = −Au1 −Au2 −Au3 =
(
ρ0 −ρ0 − ρ1 + ρ2 + ρ3 − 2ρ3u
0 −ρ0
)
.
(2.3)
Then the connection
∇u := d+Au1
dz
z − 1 +A
u
2
dz
z
+Au3
dz
z −m
is a Fuchsian system with poles at z0 =∞, z1 = 1, z2 = 0 and z3 = m whose
local monodromies are determined by ±ρ0 ,±ρ1, ±ρ2 and ±ρ3, respectively.
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Moreover, for
Ψ1 =
(
u −u
u −u
)
, Ψ2 =
(
0 0
1− u 0
)
,
Ψ3 =
(−u u2
−1 u
)
, Ψ0 = −Ψ1 −Ψ2 −Ψ3 =
(
0 u− u2
0 0
)(2.4)
the 1−form
(2.5) Ψu = Ψ := Ψ1
dz
z − 1 + Ψ2
dz
z
+Ψ3
dz
z −m
is a Higgs field with respect to the induced parabolic structure of ∇u.
Thus, a generic monodromy representation of the fundamental group of
the 4−punctured sphere with given local monodromies can be realized by a
unique
∇u,λ := ∇u + λΨ, λ ∈ C
up to conjugation. The eigenlines of the positive eigenvalues ρi > 0 of the
residues are
Eig(resz0 ∇u,λ, ρ0) = C
(
1
0
)
Eig(resz1 ∇u,λ, ρ1) = C
(
1
1
)
Eig(resz2 ∇u,λ, ρ2) = C
(
0
1
)
Eig(resz3 ∇u,λ, ρ3) = C
(
u
1
)
,
(2.6)
and the parabolic structure with prescribed parabolic weights (ρ0,−ρ0), ..
(ρ3,−ρ3) is determined by the cross-ratio of these four lines considered as
points in CP 1, i.e., by
Xratio([1 : 0], [1 : 1]; [0 : 1], [u : 1]) = u.
2.4. Stability. Next, we determine which parabolic structures induced by
∇u are stable. For u /∈ {0, 1,∞} every holomorphic line subbundle L ⊂ C2
of degree 0 meets at most one eigenline and we obtain
par-deg(L) ≤ −ρσ(0) − ρσ(1) − ρσ(2) + ρσ(3)
for all permutations σ ∈ S({0, 1, 2, 3}). Moreover, equality holds for the
trivial line subbundle L = Eig(reszσ(3) ∇u, ρσ(3)). Similarly, for u 6= m every
line subbundle L ⊂ C2 of degree −1 meets at most three eigenlines, and we
obtain
par-deg(L) ≤ −1− ρσ(3) + ρσ(0) + ρσ(1) + ρσ(2)
for all permutations σ ∈ S({0, 1, 2, 3}) with equality for a suitable chosen
bundle L. For example, for σ = Id ∈ S({0, 1, 2, 3}) L is the tautological line
bundle, i.e., its fiber at [z : 1] ∈ CP1 is given by
L[z:1] = C
(
z
1
)
.
From our assumption ρi ∈]0; 12 [ we automatically have that par-degL < 0
for all line subbundles L ⊂ C2 of degree less or equal to −2. Therefore,
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for u /∈ {0, 1,m,∞}, stability of the parabolic structure induced by ∇u,λ is
equivalent to the Biswas conditions (2.2).
For u ∈ {0, 1,∞}, there is a unique (trivial) line subbundle L ⊂ C2 such
that L meets two eigenlines, and we obtain
par-deg(L) = −ρσ(0) − ρσ(1) + ρσ(2) + ρσ(3)
for a suitable σ ∈ S({0, 1, 2, 3}). Thus we obtain (under the extra condition
1 + ρσ(3) ≥ ρσ(0) + ρσ(1) + ρσ(2)) that:
• the parabolic structure induced by ∇u for u = 0 is (semi-)stable if
and only if ρ2 + ρ3 < (≤) ρ0 + ρ1;
• the parabolic structure induced by ∇u for u = 1 is (semi-)stable if
and only if ρ1 + ρ3 < (≤) ρ0 + ρ2;
• the parabolic structure induced by ∇u for u =∞ is (semi-)stable if
and only if ρ0 + ρ3 < (≤) ρ1 + ρ2.
For u = m the tautological line bundle L meets all four eigenlines. Hence,
we obtain that the parabolic structure induced by u = m is (semi-)stable if
and only if
ρ0 + ρ1 + ρ2 + ρ3 < (≤)1.
3. Abelianization of Fuchsian systems
Let ∇ be a Fuchsian system as in (2.1) such that the induced parabolic
structure is (semi-)stable. Assume there is a parabolic Higgs field Ψ with
respect to the given parabolic structure such that
detΨ =
(dz)2
z(z − 1)(z −m) ,
where 0, 1,∞,m ∈ CP1 are the singularities of ∇. The eigenlines of Ψ are
well-defined on a double covering of CP1 branched at 0, 1,∞,m, i.e., on
a complex torus T 2 = C/Γ of dimension 1. Without loss of generality we
can assume Γ = span(1, τ) and we can choose the elliptic involution σ with
respect to pi : C/Γ 7→ CP1 to be [w] 7→ [−w]. We can also fix our notations
such that the preimage of z0 is w0 := [0] ∈ C/Γ, the preimage of z1 is
w1 := [1/2], the preimage of z2 is w2 := [1/2 + τ/2], and the preimage of z3
is w3 := [τ/2]. The eigenlines L
± of pi∗Ψ have degree −2 as they intersect
each other with order 1 at w0, ..., w3, and because σ
∗L± = L∓. Note that
L+ ⊗ σ∗L+ = L+ ⊗ L− = L(−w0 − ...− w3).
Let S := L(−2w0) = ... = L(−2w3). Then we have σ∗S = S and σ∗S ⊗
S = L(−w0 − ... − w3). The latter equation holds because there exists a
meromorphic function (the derivative of the ℘−function) with a pole of
order 3 at w0 and simple zeros at w1, w2, w3. Altogether, we see that for any
parabolic Higgs field Ψ with detΨ 6= 0 the eigenlines L± of Ψ are given by
L+ = S ⊗ E, L− = S ⊗ E∗
for a suitable E ∈ Jac(C/Γ). Moreover, E is unique up to E 7→ E∗.
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Note that there is a unique meromorphic connection ∇s on S∗ such that
the meromorphic connection ∇s ⊗ ∇s on (S∗)2 = L(w0 + .. + w3) annihi-
lates the holomorphic section sw0+..+w3 with simple zeros at w0, .., w3. After
pulling back a Fuchsian system ∇ to C2 → C/Γ, ∇ induces a unique mero-
morphic connection on the direct sum L+⊕L− of the eigenlines of Ψ which
makes the inclusion L+ ⊕ L− → C2 parallel. Tensoring the meromorphic
connection on L+⊕L− with the flat line bundle (S∗,∇s) yields a flat mero-
morphic connection ∇ˆ on
(3.1) E ⊕ E∗ → C/Γ.
The precise form of ∇ˆ will be determined in the subsections 3.1, 3.2 and 3.3.
3.1. Concrete formulas II. We first investigate the relationship between
parabolic structures (in terms of the parameter u) and the holomorphic
eigenline bundles on the torus: For a parabolic structure induced by ∇u the
Higgs field Ψu in (2.5) has determinant
detΨu = u(u− 1)(m− u) (dz)
2
(z(z − 1)(z −m) .
Its eigenlines are defined on the elliptic curve T 2 = C/Γ given by the equa-
tion
y2 = z(z − 1)(z −m).
The eigenvalues of Ψu are
∓
√
u(u− 1)(u −m)dz
y
,
i.e., constant multiples of the non-vanishing holomorphic differential dzy . The
eigenline bundles L± of Ψu are given by
C
(
(−1 +m)uz ∓
√
u(u− 1)(u −m)z(z − 1)(z −m)
−uz +m(−1 + u+ z)
)
,
and their degree is −2.Moreover, the divisors representing these line bundles
are
D± = −3w0 + P±,
where w0 ∈ T 2 is the point lying over z = ∞, and P+ = (z+, y+) and
P− = (z+, y−) are given with respect to the equation y2 = z(z − 1)(z −m)
by
(3.2) z+ =
m−mu
m− u , y
± = ±m(m− 1)
(u−m)2 v,
where
v2 = u(u− 1)(u−m)
is the algebraic equation for the Jacobian Jac(T 2).
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3.2. Residues of ∇ˆ on C/Γ. The following computation determines the
residues of the connection ∇ˆ at the points wi on the bundle E⊕E∗ in (3.1):
There exists a local coordinate w on T 2 → CP1 such that w2 = (z − zi)
together with a basis of C2 such that the pull-back of the Higgs field (as a
1-form) expands as
pi∗Ψ =
(
o(w) −2 1w +O(w)
−12w + o(w2) o(w)
)
dw.
Consider the (locally defined) gauge transformation
H =
(
1 1
−w2 w2
)
with singularity at w = 0. Then,
H−1ΨH =
(
dw 0
0 −dw
)
+ higher order terms
and
H−1dH =
(
1
2 −12
−12 12
)
dw
w
.
By definition the eigenline of the residue of ∇ with respect to the posi-
tive eigenvalue ρi > 0 lies in the kernel of residue of Ψ, i.e., in the above
mentioned frame, the pull-back of ∇ is given by
pi∗∇ = d+
(
2ρi 0
0 −2ρi
)
dw
w
+ higher order terms.
Applying the gauge transformation H, we obtain
pi∗∇.H = H−1◦pi∗∇◦H = d+
(
1
2 2ρi − 12
2ρi − 12 12
)
dw
w
+higher order terms.
This computation together with the definition of ∇s shows that the in-
duced connection ∇ˆ on E ⊕ E∗ (as defined in (3.1)) is given by
∇ˆ =
(∇E β−
β+ ∇E∗
)
,
where ∇E is a smooth and holomorphic connection on E, ∇E∗ is its dual on
E∗, and β± are meromorphic 1−forms with values in E∓2 such that β+⊗β−
has quadratic residues given by
(3.3) reswi(β
+β−) = (2ρi − 1
2
)2.
Altogether, we obtain via this abelianization procedure a connection on
C
2 → C/Γ which is (gauge equivalent to)
(3.4) ∇ˆ = ∇ˆα,ξ = d+
(
αdw − ξdw¯ β−
β+ −αdw + ξdw¯
)
,
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where w is the global coordinate on C, α, ξ ∈ C are suitable complex num-
bers, and β± = β±ξ are meromorphic sections of the holomorphic line bundle
given by the holomorphic structure
∂¯
C±2ξdw¯
with simple poles at w0, .., w3. Using ϑ−functions, we can write down the
second fundamental forms β± of ∇ˆ with respect to the decomposition E⊕E∗
explicitly as long as L(∂¯−ξdw¯) is not a spin bundle of C/Γ:
3.3. The second fundamental forms. Let ϑ denote the (shifted) ϑ−function
of C/Γ for Γ = Z + Zτ. This means that ϑ is the unique (up to a multiple
constant) entire function satisfying ϑ(0) = 0 and
ϑ(w + 1) = ϑ(w), ϑ(w + τ) = −ϑ(w)e−2piiw.
Then the function
tx(w) =
ϑ(w − x)
ϑ(w)
e
2pii
τ¯−τ x(w−w¯)
is doubly periodic on C \ Γ with respect to Γ and satisfies
(∂¯+
2pii
τ¯ − τ xdw¯)tx = 0.
Thus tx is a meromorphic section of the bundle C → C/Γ with respect to
the holomorphic structure ∂¯+ 2piiτ¯−τ xdw¯ and has a simple zero in w = x and
a first order pole in w = 0 for x /∈ Γ.
Remark 1. Note that the function tx gives an explicit realization of the
two classical points of view on the moduli space of holomorphic line bun-
dles: first, line bundles given by divisors, and second, line bundles given by
∂¯−operators ∂¯+ 2piiτ¯−τ xdw¯ on C→ C/Γ such that the Chern connection (with
respect to the trivial metric ) is flat. In other words, by fixing [0] ∈ C/Γ
we have an identification of the torus C/Γ and its Jacobian H0(C/Γ,K)/Λ
with
Λ = {ω¯ ∈ H0(C/Γ,K) |
∫
γ
(ω¯ − ω) ∈ 2piiZ for all closed curves γ}
via
[x] ∈ C/Γ 7→ L([x]− [0]) ∼= L(∂¯+ 2pii
τ¯ − τ xdw¯).
Using the functions tx we are able to write down the second fundamental
forms β± explicitly:
Proposition 2. Let x = τ−τ¯2pii ξ and assume that L(∂¯−ξdw¯) is not a spin
bundle. For i = 0, .., 3 set
α±i = α
±
i (x) := e
± 4pii
τ¯−τ
x(wi−w¯i)ϑ(wi ± x)
ϑ(wi ∓ x)
ϑ′(0)
ϑ(±2x) (2ρi −
1
2
),
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where ϑ′ is the derivative of ϑ with respect to w and w0 = 0, w1 =
1
2 ,
w2 =
1+τ
2 and w3 =
τ
2 . Then the second fundamental forms β
±
ξ in (3.4) are
given by the meromorphic 1−forms
β±ξ ([w]) =
4∑
i=1
α±i (x)t∓2x(w − wi)dw
with values in the holomorphic bundle L([∓2x] − [0]) = L(∂¯±2ξ) of degree
0.
Proof. The space H of meromorphic sections β in L±2 ⊗K with first order
poles at w0, .., w3 is 4−dimensional. If L = L(∂¯−ξdw¯) is not a spin bundle,
the residue map
H → C4;β 7→ (resw0 β, .., resw3 β)
is an isomorphism. Therefore, the second fundamental forms β± are uniquely
determined by their residues and ξ. In order to determine the residues we
are using the setup of section 3.1 and consider the meromorphic sections
s± =
(
(−1 +m)uz ∓√u(u− 1)(u−m)z(z − 1)(z −m)
−uz +m(−1 + u+ z)
)
of the eigenline bundles L± of the parabolic Higgs field Ψu. Recall that the
divisors are given by
(s±) = D± = −3w0 + P±,
where w0 ∈ T 2 is the point lying over z = ∞ and P± = [±x] ∈ T 2 = C/Γ
for a suitable x ∈ C. Computing the gl(2,C)−valued connection 1−form
of the Fuchsian system ∇u (or more generally ∇u,λ) with respect to the
meromorphic frame (s+, s−) and enables us to determine its residues at the
preimages [wi] of the branch points zi :
(3.5) Res[wi]pi
∗∇ =
(
1
2 2ρi − 12
2ρi − 12 12
)
.
The connection 1−form in (3.4) is then obtained by tensoring with the flat
meromorphic line bundle connection ∇S and by using the smooth frame
(s˜+, s˜−) = (
1
tx
s2w0 ⊗ s−3w0+[x],
1
t−x
s2w0 ⊗ s−3w0+[−x]),
where the function tx is as in section 3.3, instead of the frame
(s+, s−) = (s−3w0+[x], s−3w0+[−x]).
This implies that the lower left entry of the residue matrix at wi of the
connection 1-form with respect to (s˜+, s˜−) is obtained from the lower left
entry of the residue matrix (3.5) at wi of the connection 1−form with respect
to (s+, s−) by multiplying it with t−x(wi)tx(wi) . This observation together with a
straight forward computation imply the assertion. 
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Remark 2. Note that this formula is in accordance with the formula for
β± in §4 of [13] for the symmetric case where all local conjugacy classes are
the same, i.e., ρ0 = ... = ρ3. Furthermore, in the case of ρ0 = .. = ρ3 =
1
4
one obtains abelian SL(2,C) connections (without singularities) on the torus
C/Γ. This observation fits nicely with §6 of [12].
3.4. Flat SL(2,C) connections on the 4−punctured sphere in terms
of flat line bundle connections on a torus. We have seen in the previ-
ous section that flat line bundle connections on a torus uniquely determine
(gauge equivalence classes of) flat SL(2,C) connections on the 4−punctured
sphere. This implies the following theorem:
Theorem 1. Let T 2 → CP1 be the elliptic curve which is given by a double
cover of the projective line branched over 0, 1,∞,m ∈ CP1. Then (3.4) gives
rise to a 2−to−1 correspondence between an open dense subset of the moduli
space of flat line bundles on T 2 and an open dense subset of the moduli space
of flat SL(2,C) connections on CP1 \ {0, 1,∞,m} whose local monodromies
lie in the conjugacy classes prescribed by ρi > 0.
This correspondence fails to exist exactly for the holomorphic spin bundles
on T 2 respectively for those flat SL(2,C) connections whose induced parabolic
structure does not admit a parabolic Higgs field with non-zero determinant.
Assume that the positive numbers ρ0, .., ρ3 satisfy the Biswas conditions.
Then a generic parabolic structure on the 4−punctured sphere with para-
bolic weights determined by ρ0, .., ρ2 and ρ3 is stable.
We are going to extend theorem 1 to the remaining stable parabolic struc-
tures. From section 3.1 we see that there are at most four stable parabolic
structures which do not admit a parabolic Higgs field with non-zero determi-
nant. In terms of the parameter u of section 2.3 these parabolic structures
are given by u ∈ {0, 1,m,∞}. Further, (3.2) implies that the parabolic struc-
tures determined by u ∈ {0, 1,m,∞} correspond to the four spin bundles
on T 2 by choosing S = L(−2w0) as a base point in Pic−2(T 2).
Before stating and proving the extension of the 2−to−1 correspondence
of theorem 1 to the spin bundles we first give a vague explanation of how to
deal with the exceptional cases in theorem 1: If one takes a careful look at
proposition 2, one sees that the second fundamental forms β±ξ have a first
order pole (in ξ) at the spin bundles L(∂¯−ξdw¯). Hence, classical asymptotic
analysis of ordinary differential equations (see for example [24]) indicate that
the complex linear part ∂+αdw of the line bundle connection d+αdw−ξdw¯
needs also to have a first order pole (in ξ) at the spin bundles L(∂¯−ξdw¯) :
If α(ξ) is a (meromorphic) family such that the corresponding SL(2,C) con-
nections on the 4−punctured CP1 extend through the spin bundles, then α
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must have first order poles and its residues can be computed to be
± (ρˆ0 + ρˆ1 + ρˆ2 + ρˆ3) pii
τ − τ¯ at ξ = 0 mod Λ(⇔ u = m),
± (ρˆ0 + ρˆ1 − ρˆ2 − ρˆ3) pii
τ − τ¯ at ξ =
piiτ
τ − τ¯ mod Λ(⇔ u =∞, )
± (ρˆ0 − ρˆ1 + ρˆ2 − ρˆ3) pii
τ − τ¯ at ξ =
pii(1 + τ)
τ − τ¯ mod Λ(⇔ u = 1),
± (ρˆ0 − ρˆ1 − ρˆ2 + ρˆ3) pii
τ − τ¯ at ξ =
pii
τ − τ¯ mod Λ(⇔ u = 0),
(3.6)
where ρˆi = 2ρi− 12 . The following theorem rigorously proves (3.6). Moreover,
it also determines which of the signs in (3.6) does induce a stable parabolic
structure and which does not.
Theorem 2. The 2−to−1 correspondence in theorem 1 extends to the spin
bundles L(∂¯−γdw¯) (where γ ∈ 12Λ) and to the remaining flat SL(2,C) con-
nections as follows: Consider a meromorphic family of flat line bundle con-
nections
∇ξ = d+ α(ξ)dw − ξdw¯
on an open neighborhood of γ ∈ 12Λ and its induced family of flat SL(2,C)
connections on CP1 \ {0, 1,∞,m}. Then, the gauge orbits of the SL(2,C)
connections on the 4- punctured sphere converge for ξ → γ ∈ 12Λ against
the gauge orbit of a Fuchsian system with (semi)-stable parabolic structure
if and only if α expands around ξ = γ as
(3.7) α(ξ) ∼γ 2pii
τ − τ¯
µγ
ξ − γ + γ¯ + higher order terms in ξ,
where
µγ =


|1− ρ0 − ρ1 − ρ2 − ρ3| if γ ∈ Λ
|ρ0 + ρ1 − ρ2 − ρ3| if γ ∈ piiτ−τ¯ + Λ
|ρ0 + ρ2 − ρ1 − ρ3| if γ ∈ pii(1+τ)τ−τ¯ + Λ
|ρ0 − ρ1 − ρ2 + ρ3| if γ ∈ piiττ−τ¯Λ
.
Proof. As in the proof of proposition 2 we consider the meromorphic sections
s± =
(
(−1 +m)uz ∓ vy
−uz +m(−1 + u+ z)
)
of the eigenline bundles L± of the Higgs field Ψu with respect to the parabolic
structure induced by ∇u. Recall that
y2 = z(z − 1)(z −m)
and
v2 = u(u− 1)(u−m)
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are the algebraic equations for the torus T 2 → CP1 and its Jacobian, re-
spectively. The divisors of the sections s± are given by
D± = −3w0 + P±,
where w0 ∈ T 2 is the point lying over z = ∞ and P± = [±x] ∈ T 2 = C/Γ
for a suitable x ∈ C. The (z, y)−coordinates of P± satisfy
z+ =
m−mu
m− u , y
± = ±m(m− 1)
(u−m)2 v.
With respect to the meromorphic frame (s+, s−) we can compute the
gl(2,C)−valued connection 1−form of the Fuchsian system ∇u (or more
generally ∇u,λ). The upper left entry of the connection 1−form has the
following asymptotic behavior around u = 0, 1,m, as a straight forward
computation shows:
m(−ρ0 − ρ1 + ρ2 + ρ3)
2v
dz
y
+ higher orders in v at u = 0,
(m− 1)(ρ0 − ρ1 + ρ2 − ρ3)
2v
dz
y
+ higher orders in v at u = 1,
(m− 1)m(−1 + ρ0 + ρ1 + ρ2 + ρ3)
2v
dz
y
+ higher orders in v at u = m.
(3.8)
We now identify the torus T 2 with its Jacobian via
x ∈ T 2 7→ L(x− w0) ∈ Jac(T 2),
and expand (3.8) in terms of x. To do so, we make use of the Weierstrass
℘−function ℘ : C/Γ → CP1 of the torus T 2 = C/Γ. The ℘−function is the
only doubly periodic meromorphic function on C (with respect to Γ) with
double poles at the lattice points and holomorphic elsewhere and whose
expansion at x = 0 is ℘(x) ≡ 1
x2
+... . The ℘−function satisfies the differential
equation
(℘′)2 = 4℘3 − g2℘− g3,
where the two complex numbers g2, g3 ∈ C are the lattice invariants of Γ.
In terms of the ℘−function, the meromorphic functions y, z : T 2 → CP1 are
given by
z =
℘− p2
p1 − p2
y =
℘′
2(p1 − p2) 32
,
(3.9)
where pi = ℘(wi) and for a suitable choice of the square root of p1 − p2.
Clearly, we have
m = z(w3) =
p3 − p2
p1 − p2 .
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Using w as the affine coordinate of C, we obtain
dz
y
= 2
√
p1 − p2dw
on T 2 = C/Γ. Moreover, (3.2) yields that the complex parameters (u, v) of
the space of line bundles can be expressed in terms of the (y, z)−parameters
of the zero p in the divisor D = p− 3w0 representing the line bundle L(u,v) :
u =
m(1− z)
m− z and v =
m(m− 1)
(z −m)2 y.
Thus, we can expand (3.8) in terms of x as follows:
m(−ρ0 − ρ1 + ρ2 + ρ3)
2v(x)
dz
y
=(ρ0 + ρ1 − ρ2 − ρ3)dw 1
x
+ higher orders in x
at u = 0, or equivalently, x = w1;
(m− 1)(ρ0 − ρ1 + ρ2 − ρ3)
2v(x)
dz
y
=(ρ0 + ρ2 − ρ1 − ρ3)dw 1
x
+O(x)
at u = 1, or equivalently, x = w2;
(m− 1)m(−1 + ρ0 + ρ1 + ρ2 + ρ3)
2v(x)
dz
y
=(1− ρ0 − ρ1 − ρ2 − ρ3)dw 1
x
+O(x)
at u = m, or equivalently, x = w0.
(3.10)
We prefer to parametrize the Jacobian Jac(T 2) in terms of ξ via the ∂¯−operator
∂¯−ξdw¯.
From section 3.3 we obtain that
L(x− w0) = L(∂¯−ξdw¯)
if and only if
x =
τ − τ¯
2pii
ξ
up to adding lattices points of Γ and Λ, respectively . This already yields
the formula (3.6).
It remains to show for which choice of the sign in (3.6) the corresponding
parabolic structure is (semi)-stable: The parabolic structure for u = 0 is
(semi)-stable if and only if ρ2 + ρ3 ≤ ρ0 + ρ1. If this inequality holds, the
first formula in (3.8) determines the sign at u = 0. If this inequality is not
satisfied for the parabolic weights ρ0, .., ρ3, we have used wrong coordinates
(u, λ) to parametrize the Fuchsian system (as the Fuchsian system is not
semi-stable at u = 0). Using more appropriate coordinates (u˜, λ˜) we obtain
that the equation (3.7) for u = 0 (or equivalently at γ ∈ piiτ−τ¯ + Λ) also
holds in the case of ρ2 + ρ3 ≥ ρ0 + ρ1. Similarly, one obtains the respective
equations (3.7) at u = 1 and u =∞.
The parabolic structure for u = m is (semi-)stable if and only if ρ0+ρ1+
ρ2 + ρ3 ≤ 1. If this inequality holds, the third formula in (3.8) determines
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the sign at u = m (or equivalently at γ ∈ Γ). If the inequality does not hold,
we can argue as in the case of u = 0, 1,∞ to obtain the respective expansion
(3.7) at u = m.
In order to determine the 0th order term γ¯ in (3.7) we first note that the
(non-zero) parabolic Higgs field Φu is diagonal with respect to the frame
(s+, s−) and its eigenvalues are ±v dzy . Thus, adding a (non-zero) parabolic
Higgs field to a Fuchsian system ∇u,λ for u ∈ {0, 1,m,∞} effects only the
higher order terms in (3.7) and not the constant order term. The constant
order term can be computed similarly as the residue terms by using the
frame (s˜+, s˜−) in the proof of proposition 2. 
Remark 3. Note that theorem 1 also induces a 2−to−1 correspondence
between the Jacobian of C/Γ and the moduli space Mpar of (semi-)stable
parabolic structures with prescribed parabolic weights (satisfying the Biswas
conditions) on the 4−punctured sphere.
Further, it is worth to mention that the 2−to−1 correspondence from
theorem 1 extends to flat SL(2,C) connections whose underlying parabolic
structures are not semi-stable. In fact, the only difference to the case of
theorem 2 is that the residue terms in (3.7) change their signs.
Remark 4. At least for rational weights, there is another way to prove
theorem 2: As in [6] we can think of the moduli space of parabolic bundles
as orbifold bundles, parabolic stability reduces to the stability of a vector
bundle on a suitable compact covering and we can adapt the proofs of §5 in
[13] to this situation.
3.5. Darboux coordinates. We briefly recall the construction of the holo-
morphic symplectic structure on the moduli space of flat SL(2,C) connec-
tions on a punctured Riemann surface, for details see [3, 1] or alternatively
[5, 7].
Via trace we identify g := sl(2,C) and g∗. Hence, the adjoint orbit of a
diagonal sl(2,C)−matrix with eigenvalues ±ρi inherits as a coadjoint orbit
the Kirillov symplectic structure. We denote our adjoint orbits with respect
to given eigenvalues ±ρi by O0, ..,O3, and consider the space A4 which
consists of connections ∇ on a 4−punctured Riemann surface Σ of the form
(3.11) ∇ = Ai dz
z − zi + ∇˜
i,
where ∇˜i extends smoothly to zi, z is a local holomorphic coordinate around
zi, and Ai ∈ Oi ⊂ sl(2,C). On
Aˆ = A4 ×O0 × ..×O3
we consider the symplectic form
(3.12) Ω = ωΣ + ω0 + ..+ ω3,
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where ωi is the Kirillov form on Oi and
(3.13) ωΣ(A,B) = −
∫
Σ
tr(A ∧B)
for tangent vectors A,B onA4 considered asA,B ∈ Ω1(Σ\{z0, .., z3}, sl(2,C)).
The natural gauge action of G = Γ(Σ,SL(2,C)) on Aˆ has a moment map
µ which is (in an appropriate sense) the sum of the curvature of ∇, of the
residues of ∇ and of the moment maps of the coadjoint orbits. Then, the
symplectic space µ−1{0} is the moduli space A = Aρ0,..,ρ3Σ\{z0,..,z3} of flat connec-
tions on the 4−punctured Riemann surface whose local monodromies are
determined by the ±ρi.
We are mainly interested in the case of the 4-punctured sphere, and
we pull back connections to the torus by the double covering T 2 → CP1
branched over the singular points z0, .., z3.
Lemma 1. The symplectic structure Ω˜ of the moduli space of flat SL(2,C)
connections on the 4-punctured torus A2ρ0,..,2ρ3
T 2\{w0,..,w3}
restricted to the sub-
space of connections obtained by pull-back pi∗, is twice the symplectic struc-
ture Ω of the moduli space Aρ0,..,ρ3
CP
1\{z0,..,z3}
of flat SL(2,C) connections on the
4−punctured sphere, i.e.,
Ω˜[pi∗∇](pi
∗X,pi∗Y ) = 2Ω[∇](X,Y )
for all X,Y ∈ T[∇]Aρ0,..,ρ3CP1\{z0,..,z3}.
Proof. Consider ∇ in the gauge orbit [∇] ∈ Aρ0,..,ρ3
CP
1\{z0,..,z3}
, and let A0, .., A3
be its residue terms at z0, ..z3. It is well-known (and easy to prove) that
in every gauge equivalence class [∇˜] ∈ Aρ0,..,ρ3
CP
1\{z0,..,z3}
there is a represen-
tant ∇˜ whose residue terms are also A0, .., A3. Hence, we can restrict to
connections with fixed residue terms A0, .., A3. This implies that tangent
vectors X,Y ∈ T[∇]Aρ0,..,ρ3CP1\{z0,..,z3} can be represented by smooth sections
A,B ∈ Ω1(CP1, sl(2,C)), and for computing the symplectic form we do not
need to take the boundary terms ω0 + ..+ ω3 into account, i.e., we get
Ω[∇](X,Y ) = −
∫
CP
1
tr(A ∧B).
On the other hand, the tangent vectors pi∗X,pi∗Y ∈ T[pi∗∇]A2ρ0,..,2ρ3T 2\{w0,..,w3}
are represented by the smooth pull-backs pi∗A, pi∗B ∈ Ω1(T 2, sl(2,C)), and
integration yields
Ω˜[pi∗∇](pi
∗X,pi∗Y ) = −
∫
T 2
tr(pi∗A ∧ pi∗B) = −2
∫
CP
1
tr(A ∧B)
as pi : T 2 → CP1 is a double covering. 
Note that tensoring with the flat line bundle (S∗,∇S) provides a sym-
plectomorphism between the corresponding moduli spaces of flat SL(2,C)
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connections with prescribed conjugacy classes of the local monodromies.
Hence our discussion together with theorem 1 show that the moduli space
of flat line bundle connections on T 2 provides a concrete realization of the
space Aρ0,..,ρ3
CP
1\{z0,..,z3}
(as a double covering) and the symplectic form Ω can
be easily computed in terms of the coordinates (α, ξ) on the moduli space of
flat line bundle connections (provided by theorem 1 and (3.4)). In fact, the
Kirillov residual terms ωi(
∂
∂α ,
∂
∂ξ ) vanish and the surface term computes as
ωC/Γ(
∂
∂α
,
∂
∂ξ
) = −
∫
C/Γ
tr
(
∂∇ˆα,ξ
∂α
∧ ∂∇ˆ
α,ξ
∂ξ
)
= 2
∫
C/Γ
dw ∧ dw¯,
where ∇ˆα,ξ are the connections given by (3.4). Thus we obtain the following
theorem:
Theorem 3. In terms of the coordinates α, ξ (provided by Theorem 1 and
(3.4)) the holomorphic symplectic form Ω on the moduli space A of flat
SL(2,C) connections on the 4-punctured sphere with prescribed local mon-
odromies (determined by ±ρi ∈ R) is given by
Ω =
(∫
C/Γ
dw ∧ dw¯
)
dα ∧ dξ.
4. On Witten’s formula for the symplectic volume of the
moduli space of flat connections
The moduli space of unitary connections on the 4-punctured sphere with
prescribed local monodromy conjugacy classes M˜ can be naturally consid-
ered (away from its singularities) as a symplectic manifold, see for example
[27, 5, 7]. As before, we identify it with the moduli space Mˆ of unitariz-
able Fuchsian systems with prescribed local monodromy conjugacy classes
(determined by ρi ∈]0; 12 [). Moreover, by [17, 4], we can identify Mˆ with
the moduli space of parabolic structures with prescribed parabolic weights.
The latter space is a complex analytic space and the symplectic structure is
a Ka¨hler form [7].
The Ka¨hler structure on the moduli space M of parabolic bundles is the
restriction of the holomorphic symplectic form on the moduli space A of flat
SL(2,C) connections on the 4-punctured sphere to the (real analytic) sub-
variety consisting of flat connections with unitarizable monodromy [27, 5, 7].
Because of the Riemann-Hilbert correspondence we can identify A with the
space of Fuchsian systems considered in §2. The map from the moduli space
A of flat SL(2,C) connections to the moduli spaceM of parabolic structures
is a holomorphic fibration [27, 7, 2]. A fiber over a stable parabolic structure
is an affine space whose underlying vector space is the space of parabolic
Higgs fields, or, by Serre duality, the cotangent space to the moduli space
of parabolic structures.
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By the Mehta-Seshadri Theorem [17] (or [4] in the general case of ir-
rational weights ρi) there is a unique compatible flat irreducible connec-
tion with unitarizable monodromy representation for every stable parabolic
structure on the 4−punctured CP1 with parabolic weights ρi. This corre-
spondence can be interpreted as a section
ϕMS : M→A
of the affine bundleA →M, see for example [27, 7] or for the particular case
of compact surfaces without punctures Chapter 3 in [23]. As the elements
of the Jacobian of T 2 = C/Γ parametrize the moduli space of parabolic
structures on the 4-punctured sphere (see Remark 3), there exists for every
ξ ∈ C \ 12dw¯Λ a unique αMS(ξ) ∈ C such that the connection ∇ˆα
MS(ξ),ξ in
(3.4) corresponds to a unitarizable connection on the 4−punctured sphere.
We consider the moduli space A1
C/Γ of flat line bundles over C/Γ as a holo-
morphic fibration over the Jacobian and obtain a real analytic section
αMS : Jac(C/Γ)→ A1
C/Γ.
By definition, αMS is a lift of the section ϕMS to the double covering
Jac(C/Γ)→ CP 1 =M. Since A→M is a holomorphic affine bundle,
∂¯ ϕMS
is a well defined section in Ω(0,1)(M, T (1,0)M∗) ∼= Ω(1,1)(M,C). In fact, it
is the Ka¨hler form up to a constant multiple, see [27, 7]. In our setup we
obtain this property of ∂¯ ϕMS as a corollary of theorem 3:
Corollary 1. In terms of the coordinate ξ for the Jacobian of C/Γ (and
hence forM, see Remark 3) the Ka¨hler form on the moduli space of parabolic
structures M with given parabolic weights is
ω = (
∫
C/Γ
dw ∧ dw¯) ∂¯ αMS ∧ dξ,
where
∂¯ αMS =
∂αMS(ξ)
∂ξ¯
dξ¯ ∈ Ω(0,1)(Jac(C/Γ))
is the natural derivative in the affine holomorphic bundle A1
C/Γ → Jac(C/Γ).
We want to compute the symplectic volume
∫
M ω of the moduli space
in terms of the free parameters ρi. The formula (in its general form for
n−punctured surfaces of genus g) is known as Witten’s formula stated and
rigorously proven in [25]. Alternative proofs were for example given in [15,
22]. Our proof uses the herein developed abelianization method and seems
to shed new light on the Ka¨hler geometry of M.
Theorem 4 (Witten’s formula). Let M be the moduli space of parabolic
structures on CP1 \ {z0, .., z3} with parabolic weights ρi ∈]0; 12 [, i = 0, .., 3
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satisfying the Biswas conditions (2.2) for stability and let ω be its natural
Ka¨hler form. Then its symplectic volume is given by
(4.1) vol(M) = 2pi2(1− µ0 − µ1 − µ2 − µ3),
where
µ0 = |1−ρ0−ρ1−ρ2−ρ3|, µ1 = |ρ0+ρ1−ρ2−ρ3|, µ2 = |ρ0−ρ1+ρ2−ρ3|
and
µ3 = |ρ0 − ρ1 − ρ2 + ρ3|.
Proof. We make use of the global coordinate ξ on the universal covering
¯H0(C/Γ,K) of the Jacobian of C/Γ via the parametrization of holomorphic
structures ∂¯
ξ
= ∂¯−ξdw¯. Recall, that we assume without loss of generality,
that Γ = Z+ Zτ. Thus the flat line bundle connections
∇ = d+ αdw − ξdw¯,
∇.g1 = d+ (α+ 2pii
τ − τ¯ τ¯)dw − (ξ +
2pii
τ − τ¯ τ)dw¯
and
∇.g2 = d+ (α+ 2pii
τ − τ¯ )dw − (ξ +
2pii
τ − τ¯ )dw¯
are gauge equivalent on C/Γ, where
g1 = exp(
2pii
τ − τ¯ (τ¯w − τw¯))
and
g2 = exp(
2pii
τ − τ¯ (w − w¯)).
Therefore, the section αMS , considered as a function in terms of ξ, satisfies
the functional equations
(4.2) αMS(ξ +
2pii
τ − τ¯ τ) = α
MS(ξ) +
2pii
τ − τ¯ τ¯
and
(4.3) αMS(ξ +
2pii
τ − τ¯ ) = α
MS(ξ) +
2pii
τ − τ¯
for all ξ ∈ C\ 12dw¯Λ. Note also, that αMS is an odd function by construction.
Identifying the torus C/Γ and its Jacobian C/ 1dw¯Λ once again via
[x] ∈ C/Γ 7→ ξ = 2pii
τ − τ¯ x
we then may use the ϑ−function of C/Γ as a ϑ−function on C/ 1dw¯Λ as
follows:
θ(ξ) := ϑ(
τ − τ¯
2pii
ξ).
Clearly, θ(ξ + 2piiτ−τ¯ ) = θ(ξ) and θ(ξ +
2pii
τ−τ¯ τ) = −θ(ξ) exp((τ¯ − τ)ξ).
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Then, we obtain from (3.7) in Theorem 2 and from the functional equa-
tions (4.2), (4.3) that the section αMS considered as a function on the uni-
versal covering of the Jacobian of C/Γ can be written as
(4.4)
αMS(ξ) = (
3∑
i=0
µγi)ξ+(1−
3∑
i=0
µγi)ξ¯+f(ξ)+
3∑
i=0
2pii
τ − τ¯
µγi
2
(
θ′(ξ − γi)
θ(ξ − γi) −
θ′(−ξ − γi)
θ(−ξ − γi) ),
where f is a doubly periodic (with respect to 1dw¯Λ) function,
γ0 = 0, γ1 =
pii
τ − τ¯ , γ2 =
pii
τ − τ¯ (1 + τ), γ3 =
τpii
τ − τ¯ ,
and the µγi are as in Theorem 2. From Corollary 1 we obtain that
ω = (
∫
C/Γ
dw ∧ dw¯) ∂¯ αMS ∧ dξ
= (
∫
C/Γ
dw ∧ dw¯)((1 −
3∑
i=0
µγi)dξ¯ + df) ∧ dξ
(4.5)
and integration yields
vol(M) = 1
2
∫
Jac(C/Γ)
ω
=
1
2
(
1−
3∑
i=0
µγi
)(∫
C/Γ
dw ∧ dw¯
)(∫
C/ 1
dw¯
Λ
dξ¯ ∧ dξ
)
= 2pi2
(
1−
3∑
i=0
µγi
)(4.6)
as claimed. 
Remark 5. It is worth noting that our formula (4.1) for the symplectic
volume coincides with Witten’s formula up to a normalization constant of
4pi2. Since we restrict to the weights ρ0, .., ρ3 satisfying the Biswas conditions
(2.2), the moduli space M is non-empty. We can assume without loss of
generality that ρ0 ≤ ρ1 ≤ ρ2 ≤ ρ3. Witten’s formula gives:
(4.7) V ol(M) = 8
∞∑
n=1
1
n2
Π3i=0 sin(2pinρi).
The dilogarithm Li2 is defined to be the analytic continuation to C\[1,∞[
of the function
Li2(z) =
∞∑
n=1
zn
n2
for |z| ≤ 1,
continuous on the whole unit circle and satisfying the functional equation
(4.8) Li2(z) + Li2(
1
z ) = −pi
2
6 − 12 log2(−z),
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see [26, Page 8 & 11 ]. For z = reiθ with 2kpi < θ ≤ 2(k + 1)pi we need
to choose log(−1) = −ipi(2k + 1) in (4.8). Since sin(2pinρi) = 12 i(e−i2pinρi −
ei2pinρi) we obtain from (4.7)
V ol(M) = Li2(ei2pi(ρ0+ρ1+ρ2+ρ3)) + Li2(ei2pi(−ρ0−ρ1−ρ2−ρ3))− Li2(ei2pi(−ρ0+ρ1+ρ2+ρ3))
− Li2(ei2pi(ρ0−ρ1−ρ2−ρ3))− Li2(ei2pi(ρ0−ρ1+ρ2+ρ3))− Li2(ei2pi(−ρ0+ρ1−ρ2−ρ3))
− Li2(ei2pi(ρ0+ρ1−ρ2+ρ3))− Li2(ei2pi(−ρ0−ρ1+ρ2−ρ3))− Li2(ei2pi(ρ0+ρ1+ρ2−ρ3))
− Li2(ei2pi(−ρ0−ρ1−ρ2+ρ3)) + Li2(ei2pi(−ρ0−ρ1+ρ2+ρ3)) + Li2(ei2pi(ρ0+ρ1−ρ2−ρ3))
+ Li2(e
i2pi(−ρ0+ρ1−ρ2+ρ3)) + Li2(e
i2pi(ρ0−ρ1+ρ2−ρ3)) + Li2(e
i2pi(−ρ0+ρ1+ρ2−ρ3))
+ Li2(e
i2pi(ρ0−ρ1−ρ2+ρ3)).
Then there are four cases to consider:
(1) (ρ0 + ρ1 + ρ2 + ρ3) ≤ 1 and (−ρ0 + ρ1 + ρ2 − ρ3) ≤ 0
(2) (ρ0 + ρ1 + ρ2 + ρ3) ≤ 1 and (−ρ0 + ρ1 + ρ2 − ρ3) > 0
(3) (ρ0 + ρ1 + ρ2 + ρ3) > 1 and (−ρ0 + ρ1 + ρ2 − ρ3) ≤ 0
(4) (ρ0 + ρ1 + ρ2 + ρ3) > 1 and (−ρ0 + ρ1 + ρ2 − ρ3) > 0
In the first case we obtain from (4.8) and by the Biswas conditions (2.2):
2
pi2V ol(M) = (−1 + 2(ρ0 + ρ1 + ρ2 + ρ3))2 + (−1 + 2(−ρ0 − ρ1 + ρ2 + ρ3))2
+ (−1 + 2(−ρ0 + ρ1 − ρ2 + ρ3))2 + (−1− 2(−ρ0 + ρ1 + ρ2 − ρ3))2
− (−1 + 2(−ρ0 + ρ1 + ρ2 + ρ3))2 − (−1 + 2(ρ0 − ρ1 + ρ2 + ρ3))2
− (−1 + 2(ρ0 + ρ1 − ρ2 + ρ3))2 − (−1 + 2(ρ0 + ρ1 + ρ2 − ρ3))2
= 8(ρ0 + ρ1 + ρ2 − ρ3),
which coincides with (4.1). The other cases can be computed analogously.
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